We investigate the anisotropy of the stellar velocity dispersions within the effective radius, R e , in 24 ATLAS 3D pure-bulge galaxies, 16 of which are kinematic slow rotators (SRs). We allow the spherical anisotropy parameter β to be radially varying and allow a radial gradient in the stellar mass-to-light ratio (M ⋆ /L) through the parameter K introduced earlier. The median anisotropy for SRs depends on K as follows: β m = a + bK with a = 0.19 ± 0.05, b = −0.13 ± 0.07 (ΛCDM) or a = 0.21 ± 0.05, b = −0.26 ± 0.08 (MOND), where β m refers to the radially averaged quantity. Under the ΛCDM paradigm this scaling is tied to a scaling of f DM = (0.16 ± 0.03) + (0.31 ± 0.06)K, where f DM refers to the DM fraction within a sphere of r = R e . For K = 0 (constant M ⋆ /L), we obtain radially biased results with β m ≈ 0.2 consistent with previous results. However, marginalizing over 0 < K < 1.5 yields β m = 0.06
1. INTRODUCTION Observed galaxies exhibit a great variety in appearances, constituents and kinematic properties of stars (and gas particles). In galaxies, gravitationally bound stellar orbits can be realized in a number of possible ways including (rotational) circular orbits, radial orbits, box orbits, tube orbits, irregular/chaotic orbits, etc (see, e.g., de Zeeuw 1985; Statler 1987; Binney & Tremaine 2008; Röttgers et al. 2014) . Based on the overall properties of the orbits, galaxies are broadly referred to as being rotationally supported (or dominated) if circular orbits dominate as in disk galaxies, or dispersion/pressure supported (or dominated) otherwise. Furthermore, a galaxy, whether it is rotation or dispersion dominated, can contain several kinematically distinct sub-systems including a rotating disk, a dispersion supported bulge, and a dispersion supported dark matter halo among oth-The use of integral field spectroscopy (IFS) for kinematic studies of galaxies for the past two decades, led by the SAURON (de Zeeuw et al. 2002) and ATLAS
3D
(Cappellari et al. 2011) surveys, has revealed crucial aspects and details of the structure and dynamics of early-type (i.e. lenticular and elliptical) galaxies (ETGs) (Emsellem et al. 2007; Cappellari et al. 2007; Krajnović et al. 2011; Emsellem et al. 2011; Cappellari et al. 2013a) . Strikingly, the vast majority of not only lenticular but also elliptical galaxies exhibit varying degrees of rotation (Emsellem et al. 2007 (Emsellem et al. , 2011 , and also contain disks as revealed by photometric decomposition (Krajnović et al. 2013) . When classified by the angular momentum parameter λ R introduced by Emsellem et al. (2007) , only 14 ± 2 % of the ATLAS 3D sample (36 out of 260) have λ e < 0.31 √ ε e (where ε e is the ellipticity of the observed light distribution) showing little or no rotation within the effective radius R e (the half light radius in the projected light distribution). This minority is referred to collectively as slow rotators (SRs), while all the rest are fast rotators (FRs) (Emsellem et al. 2011) .
SRs appear nearly round, relatively more massive, tend to have irregular kinematics (Krajnović et al. 2008 (Krajnović et al. , 2011 , and do not usually possess detectable disks (Emsellem et al. 2011; Krajnović et al. 2013) . The last property means that what appear to be pure-bulges on the basis of photometry are likely to be kinematic SRs. In our selection (Chae, Bernardi & Sheth 2018 ) (hereafter Paper I) two thirds of pure-bulges (16 out of 24) are SRs. We have carried out spherical Jeans modeling of 24 ATLAS 3D pure-bulge galaxies to address multiple astrophysical issues including the radial acceleration relation (RAR) in a super-critical acceleration regime from ∼ 10 −9.5 m s −2 -∼ 10 −8 m s −2 (Chae et al. 2019), galactic structure, and the distribution of stellar orbits. The last point is the subject of this paper.
All 260 ATLAS 3D galaxies have been modeled and analyzed through the Jeans Anisotropic Modeling (JAM) code by the ATLAS 3D team (Cappellari et al. 2013a ). Our modeling (Paper I) is different from the JAM analysis in several ways. First of all, we allow a radial gradient in the stellar mass-to-light ratio (M ⋆ /L); this gradient is confined to the central region (< 0.4R e ), with a parameter K representing the strength of a possible gradient. This is motivated by multiple recent reports that the Initial Mass Function (IMF) of stars in the central regions of ETGs is bottom heavy (e.g. Martín-Navarro et al. 2015; La Barbera et al. 2016; van Dokkum et al. 2017; Sarzi et al. 2018; Sonnenfeld et al. 2018 ) and this drives a gradient in M ⋆ /L. It should be noted, however, that there are ETGs in which IMF gradients have not been found (e.g. Alton et al. 2017 Alton et al. , 2018 Davis & McDermid 2017) . Systematic errors in interpreting the relevant spectral features may be responsible for these nonconvergent results, but they may also reflect intrinsic galaxy-to-galaxy variations. Interestingly, Paper I finds that posterior inferences of K for the 24 purebulges exhibit large scatter, with the median strength K ∼ 0.55 lying between K = 1 and K = 0, which represent, respectively, the strong gradient reported by van Dokkum et al. (2017) , and the case of no gradient at all reported by Alton et al. (2018) . It is also interesting to note that the Paper I inference of the gradient for NGC 4486 (M87) agrees well with recent independent studies of the galaxy by Oldham & Auger (2018) and Sarzi et al. (2018) .
Secondly, we allow for radially varying spherical anisotropies β(r) in the stellar velocity dispersions, by using a generalized Osipkov-Merritt (Osipkov 1979; Merritt 1985) model for the region probed by IFS data (typically r R e ). This was an effort to improve modelfitting of the IFS data, but also to investigate possible radial variation that can be compared with theoretical (cosmological hydrodynamic simulation) predictions.
Thirdly, in the ΛCDM paradigm (e.g., Mo, van den Bosch & White 2010) , the stellar dynamics may be affected by the presence of dark matter (DM). Whereas the standard lore has been that DM matters little on the small scales currently probed by IFS studies, Bernardi et al. (2018) made the point that if M ⋆ /L increases towards the center, then this tends to increase the required contribution from DM. Therefore, because we are considering M ⋆ /L gradients, we allow for different parameterizations of the DM distribution associated with the halo of a galaxy. In what follows, we use DM profiles motivated by Einasto (1965) and Navarro, Frenk & White (1997) .
Fourth, as there is ongoing discussion (see, e.g., Janz et al. (2016) for a study of some ATLAS 3D FRs assuming constant M ⋆ /L and constant anisotropy) of whether effects attributed to a DM halo can instead be explained by modified Newtonian dynamics (MOND : Milgrom 1983) , it is interesting to also consider the MOND paradigm for our study of orbital anisotropies in the presence of M * /L gradients. This is despite the fact that, in these galaxies, the radial acceleration due to baryons ranges from ∼ 10 −9.5 m s −2 to ∼ 10 −8 m s
(Chae et al. 2019), which is considerably larger than the critical acceleration, a 0 ∼ 10 −10 m s −2 , at which MOND is usually invoked. However, MONDian effects depend on the precise shape of the MOND interpolating function (IF) (see Chae et al. 2019) , and for some IFs, MONDian effects can be non-negligible, especially if M ⋆ /L gradients in our sample are significant. Hence we consider two different families of MONDian interpolating functions.
Therefore, we can here constrain the velocity dispersion anisotropies of pure-bulge SRs -which we will refer to as nearly Spherical, Slowly-rotating, pure-Bulge Galaxies (SSBGs) -in an unprecedented way, taking account of the effects of M ⋆ /L radial gradients. The velocity dispersion anisotropy is a key parameter characterizing the dynamics of SSBGs and can provide useful constraints on theories of galaxy formation and evolution. As shown in recent state-of-the-art cosmological hydrodynamic simulations (e.g. Naab et al. 2014; Röttgers et al. 2014; Wu et al. 2014; Xu et al. 2017; Li et al. 2018) as well as galaxy merger simulations (e.g. Balcells & Quinn 1990; Barnes & Hernquist 1996; Jesseit et al. 2005 Jesseit et al. , 2007 Bois et al. 2011; Hilz et al. 2012; Tsatsi et al. 2015) under the ΛCDM paradigm, the assembly history of a galaxy is closely linked with the composition of its stellar orbits, the global angular momentum (i.e. whether it is a fast or slow rotator), and the velocity dispersion anisotropy profile as well as various morphological and photometric properties. A concise and excellent account of the current state of theoretical ideas and simulations can be found, e.g., in §2 of Naab et al. (2014) . SSBGs may look simple but their present states may be the outcome of complex histories involving in-situ star formation, dry (or gas-rich) major or minor mergers, continual accretion and feedback from supernovae and AGNs. Empirically determined velocity dispersion anisotropies may constrain such processes.
Simulations (e.g. Röttgers et al. 2014; Wu et al. 2014; Xu et al. 2017) suggest, in particular, that the fraction of in-situ stars is well-correlated with the anisotropy, in the sense that when the in-situ fraction is smaller, the orbital distribution is more dominated by radial orbits (i.e., accreted stars tend to be radially biased). This paper is structured as follows. In § 2, we briefly describe the spherical Jeans Monte Carlo model ingredients that are directly relevant to this work, while referring to Paper I (and also Chae et al. (2019) ) for details. We present our estimates of the velocity dispersion anisotropies of 16 SSBGs drawn from the ATLAS 3D sample in § 3, and show that the M ⋆ /L radial gradient is a non-negligible factor in inferring anisotropies from dynamical analyses of SSBGs. In § 4, we compare our results on the velocity dispersion anisotropy with the predictions by currently available cosmological simulations. We discuss our results and conclude in § 5. In the Appendix, we provide fitted values of the anisotropy, M ⋆ /L and f DM (the DM fraction within R e ).
MODEL INGREDIENTS
In our approach of using the spherical Jeans equation (Binney & Tremaine 2008, Equation (4.215)) we do not construct a library of orbits. Rather, we use the anisotropy parameter
to gain information about the distribution of orbits at a given point. Herev 2 r ,v 2 θ , andv 2 φ are the mean squared velocities ("second moments") in the spherical coordinates. These are equivalent to velocity dispersions σ 2 r , etc. for non-rotating systems, e.g. the SSBGs considered here. If β > 0 (β < 0), the velocity dispersions are radially (tangentially) biased. We allow a radial variation of β even for the relatively small regions ( R e ) probed by the IFS observations in the optical. For this, we use the generalized Osipkov-Merritt (gOM) model (Osipkov 1979; Merritt 1985; see also Binney & Tremaine (2008) , p. 297),
which varies smoothly from a central value β 0 to β ∞ at large radii. We consider the range [−2, 0.7] for both β 0 and β ∞ so that 1/3 ≤ σ 2 t /σ 2 r ≤ 3 where σ 2 t = (σ 2 θ + σ 2 φ )/2 is the one-dimensional tangential velocity dispersion. For the scale parameter r a we consider the range 0 < r a < R e relevant to the probed region. The model given by Equation (2) is intended to approximate smoothly realistic anisotropy profiles which could be obtained from orbit superposition methods (e.g., Richstone & Tremaine 1988; van der Marel et al. 1998; Gerhard et al. 2001; Gebhardt et al. 2003; Krajnović et al. 2005; Thomas et al. 2007; Cappellari et al. 2007) .
The stellar mass distribution in a galaxy is obtained by multiplying the observed light distribution by a stellar mass-to-light ratio Υ ⋆ ≡ M ⋆ /L. We parameterize this by
where R is a separation projected along the line of sight onto the plane of the sky, and (A, B) = (2.33, 6.00) are derived by Bernardi et al. (2018) for the recently observed M ⋆ /L gradient (van Dokkum et al. 2017) . Current observational results (e.g., Martín-Navarro et al. 2015; La Barbera et al. 2016; van Dokkum et al. 2017; Sarzi et al. 2018; Sonnenfeld et al. 2018; Alton et al. 2018) correspond to the range 0 K 1. In what follows, we consider two separate analyses: one in which there is no gradient (K = 0) and another in which K is allowed to be in the range [0, 1.5].
The JAM modeling results of the ATLAS 3D ETGs, based on the assumption of constant M ⋆ /L (K = 0 in our language) show that the inner regions within R e are dominated by baryons with a median DM fraction of ∼ 13% within a spherical radius of R e (Cappellari et al. 2013a ). However, as pointed out by Bernardi et al. (2018) , if M ⋆ /L increases towards the center (K > 0 in our language) due to a radial variation in stellar populations or IMF, then one expects larger DM fractions to be required. This is because the change in the baryon distribution (by the radial variation of M ⋆ /L) necessarily requires an adjustment in the DM distribution to obtain the correct total mass distribution for the observed stellar dynamics (velocity dispersions here). That is to say, analyses that assume K = 0 underestimate the importance of a DM halo in the observed stellar dynamics within R e .
Dark matter models
We consider two classes of models that can describe the smooth distribution of DM. These are generalizations of the DM-only simulation prediction (e.g., Navarro, Frenk & White 1997; Merritt et al. 2006; Navarro et al. 2010 ) that would allow for modifications caused by baryonic and feedback physics. One is a generalized NFW (gNFW) density profile,
where −α is the inner density power-law slope (α = 1 being the NFW case) and r s is the scale radius. We consider the range 0.1 < α < 1.8. The other is the Einasto profile,
where r −2 is the radius at which the logarithmic slope of the density is −2 and controls the slope variation with radius along withα as follows:
N-body simulations give 0.15 α 0.2 (e.g., Navarro et al. 2010; Merritt et al. 2006) . Matching the NFW profile with the Einasto profile withα = 0.17 we obtain the radius where the slope is −1 as r −1 /r −2 = 0.017. Now, the slope at this fiducial radius r −1 = 0.017r −2 is related tõ α asα = ln(−γ Ein /2)/ ln(0.017). In obtaining a Monte Carlo (MC) set of models we take a uniform deviate of γ Ein from (0.1, 1.8), which corresponds to a range 0.025 <α < 0.74, rather than takingα directly from the range as it will be biased against smaller values of α.
MONDian models
Models in the MOND paradigm are distinguished by the relation a/a B = f (a B /a 0 ) where a is the actual acceleration, a B is the acceleration predicted by the distribution of baryons (stars here) based on Newtonian dynamics, and a 0 ≈ 1.2 × 10 −10 m s −2 is the critical acceleration. The function f (a B /a 0 ) is known as the Interpolating Function (IF), and we consider two families of IFs. One is given by
with 0 < ν ≤ 2 which includes the simple (ν = 1) (Famaey & Binney 2005) and the standard (ν = 2) (Kent 1987) IFs. The other is given by
with 0.3 < λ < 1.7, which includes McGaugh's IF (λ = 1) (McGaugh 2008) .
3. RESULTS The galaxies selected from the ATLAS 3D sample are listed in Table 1 . As described in Paper I, photometric decomposition analyses detect no disks in any of these galaxies Krajnović et al. (2013) , so we refer to them as pure-bulges. Two thirds (17/24) have low ellipticities ε e 0.2 within R e (Table 1) : the mean ellipticity for all 24 galaxies is ε e = 0.184. In this sense these galaxies are referred to as nearly round (or spherical). Two thirds (16/24) are kinematic SRs within R e dramatically different from the overall statistics of just 14% (36/260) of SRs from the entire ATLAS 3D sample. We analyze these 24 pure-bulges using the spherical Jeans equation, paying particular attention to the 16 SRs.
In what follows, we study four different assumptions about the M ⋆ /L gradient (parameterized by K) and velocity dispersion anisotropy (β):
(a) K = 0 (no M ⋆ /L gradient) and β = constant; (b) K = 0 and β = β gOM (r); (c) 0 < K < 1.5 and β = constant; (d) 0 < K < 1.5 and β = β gOM (r). Thus, for our most general case (d), a spherical model with a gNFW DM halo (Equation (4)) has six free parameters, i.e. Υ ⋆0 , K, α, β 0 , β ∞ , and r a as well as the following constrained parameters: M 200 (halo mass), c = r 200 /r s (halo concentration), and M BH (black hole mass) (see Paper I and Chae et al. 2019 for further details). The number of free parameters is reduced for cases (a) and (b) where we set K = 0, and for (a) and (c) when we set β = constant.
In each case, the model is fitted to the line-of-sight velocity dispersion 1 radial profile, σ los (R), constructed from the velocity dispersion map. We do this by minimizing
where σ obs los (R i ) and σ mod los (R i ) refer to the observed and predicted velocity dispersions at the projected radii R i , s i are the observational uncertainties, and n is the number of radial bins as given in Table 1 . The number of the degree of freedom (N dof ) for each model is then given by N dof = n − N free where N free is the number of free parameters ranging from 3 -6. We callχ 2 ≡ χ 2 /N dof the "reduced χ 2 ". For each galaxy we produce a set of 400 MC models for the case of K = 0 (constant M ⋆ /L) and a set of 800 MC models when we allow 0 < K < 1.5. MC models for each galaxy are produced iteratively based on Equation (8) from the prior ranges of the model parameters. The details of this procedure can be found in Paper I and Chae et al. (2019) . Chae et al. (2019) further describes the distribution ofχ 2 in the MC set and the fitted σ los (R) profiles. Each MC set provides posterior probability density functions (PDFs) of the free parameters. Note that, although we are using the gOM model (Equation (2)) to describe the anisotropy profile, we also produce results for the case of constant anisotropies to quantify the effects of varying anisotropies and provide a direct comparison with relevant previous literature. Table 1 summarizes the fit qualities of the aforementioned four different cases under the ΛCDM paradigm with the gNFW DM halo model (Equation (4)). For the most general and realistic case (d) -the gOM model with K allowed to vary within 0 < K < 1.5 -the measured line-of-sight velocity dispersions of all 24 galaxies (with the exception of NGC 4365) are matched within Table 1 . Observed properties of the ATLAS 3D pure-bulge galaxies and quality of fit to the spherical model with the gNFW DM halo in the ΛCDM paradigm. Four different assumptions about the M⋆/L gradient (parameterized by K) and velocity dispersion anisotropy (β) are considered: (a) K = 0 (no M⋆/L gradient) and β = constant; (b) K = 0 and β = βgOM(r); (c) 0 < K < 1.5 and β = constant; (d) 0 < K < 1.5 and β = βgOM(r). 
Quality of fits
Note-(1) Ellipticity of the observed surface brightness distribution within Re taken from Cappellari et al. (2013a) . ( (2011) . Kinematic features come from Krajnović et al. (2011) . The acronyms mean the following (see the text for further details): RR -regular rotator, NRR -non-regular rotator, KDC -kinematically distinct core, CRC -counter rotating core (which is a special case of KDC), LV -low-level (rotation) velocity, NF -no feature. Only one NRR (NGC 5485) is classified as a fast rotator. (7) n = the number of the measured σ los (R) values, i.e. the number of the bins in R. (8) Minimum values of the "reduced χ 2 ", i.e. χ 2 per the number of the degree of freedom (N dof ) for the four different cases considered. N dof for each case is indicated in the las row. A value of χ 2 /N dof = 1 means that the measured σ los (R) values are matched at ∼ 1σ, 4 means ∼ 2σ, etc. For the most realistic case of (d) all galaxies but NGC 4365 have χ 2 /N dof 2.7 meaning that the measured σ los (R) are matched at ∼ 1.6σ. ∼ 1.6σ by the best-fitting models. In other words, the reduced χ 2 has minimum valuesχ 2 ≤ 2.7 for the 23 galaxies with an average of χ 2 = 1.87 while NGC 4365 hasχ 2 = 4.4 (these values are somewhat different from, and are meant to replace, the values given in Figure 6 of Paper I because we have revised MC samples and corrected N dof here).
However, for the simplest, most restrictive case (a) -spatially constant anisotropy and no M ⋆ /L gradientwhich has been sometimes adopted in the literature, 8 galaxies have unacceptably largeχ 2 > 4, and only 15 haveχ 2 2.8. If an M ⋆ /L gradient is allowed with 0 < K < 1.5 for the constant anisotropy model, then 4 galaxies (NGC 2695, 3182, 4365, 4753) haveχ 2 > 4. If the varied anisotropy model is used with K = 0, then 3 galaxies (NGC 4365, 4459, 4486) haveχ 2 > 4. For these three galaxies the fit is clearly improved if we allow K > 0. Figure 1 illustrates this point for NGC 4486 (M87). This means that, for these galaxies, reasonable gradients in M ⋆ /L suffice to explain the current data without invoking drastically varying anisotropies (see, e.g., the classical discussion in Binney & Mamon (1982) ). In particular, our conclusion for NGC 4486 agrees with Oldham & Auger (2018) . For the others, Table 1 . Note that successful fits can be achieved only for the cases of (c) and (d) for which an M⋆/L radial gradient is allowed.
the fit for 0 < K < 1.5 is as good as or better than for K = 0. What is more significant is that the PDFs of K do not in general prefer K = 0, meaning that K = 0 should not be presumed unless independent observational constraints require it. Therefore, in inferring the orbital anisotropies M ⋆ /L gradients should be allowed. Figure 2 exhibits the constrained anisotropy values with respect to σ e , the effective velocity dispersion within R e from ATLAS 3D (Cappellari et al. 2013a) , and the constrained stellar mass, M ⋆ (corresponding to the MGE light distribution: see Paper I) for the four different cases of Table 1. Table A1 gives the numerical values of the fitted anisotropies while Table A2 gives M ⋆ /L with respect to the SDSS r-band luminosity (Cappellari et al. 2013a ). The median value for each case is derived from the composite probability density function (PDF) of the individual PDFs with a uniform weighting. Its statistical uncertainty is estimated from a Monte Carlo method using the composite PDF. For cases (b) and (d), the composite PDFs are displayed in Figure 3 . For these cases with the gOM model we consider a radially averaged value given by
Inferred anisotropy
where r max is the maximum radius of the constructed σ los (R) profile ( R e ). We see that the inferred anisotropies depend on the assumption on the anisotropy profile and M ⋆ /L gra- Table A1 and Table A2 . The former result (case (a)) agrees well with an estimate 0.45 ± 0.25 from the combined analysis of lensing and stellar dynamics by Koopmans et al. (2009) under the same assumption. The latter result (case (b)) also agrees well with the literature results. Gerhard et al. (2001) obtain a median value of β m ≈ 0.2 within R e (their Figure 5 ) through a orbit superposition modeling of 21 nearly round and slowly rotating galaxies assuming spherical galaxy models. Cappellari et al. (2007) present various anisotropy parameters based on axisymmetric dynamical modeling of 24 SAURON ETGs. For three SRs in common with our galaxy sample, the spherical anisotropy in Table 2 Table A1 .
Figures 2 and 3 indicate that for 0 < K < 1.5 the anisotropy distribution has a larger spread compared with the case for K = 0. This appears to be a consequence of the shift of the anisotropy values for selective galaxies to lower values for 0 < K < 1.5 from the case for K = 0. The second panels from the top in Figure 3 show that the PDF for the lower-σ e galaxies for 0 < K < 1.5 has a larger spread than that for K = 0. On the other hand, the PDF for higher-σ e galaxies does not show a significant shift between the two cases.
Comparison of case (b) with case (a) shows that for many galaxies with unacceptable fits when the anisotropy is assumed constant (see Table 1 ), the introduction of radially varying anisotropies can improve the fit dramatically, qualitatively consistent with dynamical modeling results (e.g. Gerhard et al. 2001; Gebhardt et al. 2003; Thomas et al. 2007 ). The anisotropy profile β(r) inferred for K = 0 is shown in Figure 4 . While our smooth model may not capture fine details that might be recovered from orbit-superposition modeling (e.g. Gerhard et al. 2001; Gebhardt et al. 2003; Thomas et al. 2007 ), it appears to capture overall radial trends within the relatively central optical regions. We find both radially increasing and declining β(r). Note, however, for several galaxies (NGC 4365, 4459, 4486, and 4753), if we fix K = 0, then the fit quality is still not good even with the radially varying anisotropy model of β gOM (r).
When an M ⋆ /L gradient is allowed, the fits are improved, sometimes dramatically. Interestingly, even for the constant anisotropy model, the improvement is dramatic except for 4 galaxies (NGC 2695, 3182, 4365, 4753) . This implies significant degeneracies between K and anisotropy shape. Nevertheless, to obtain successful fits for all galaxies we require both M ⋆ /L radial gradient and radial variations in β. With the constraint 0 < K < 1.5 we have β m = 0.25 Figure 5 shows the anisotropy profiles β(r) for 0 < K < 1.5.
Replacing the gNFW profile the Einasto form (Equation (5)) yields similarly good fits (i.e.χ 2 values) and anisotropy profiles, so we do not exhibit them. When the MOND models (Equations (6) and (7)) are used, we also obtain similarχ 2 and β. This means that our results are robust with respect to model choices in both ΛCDM and MOND paradigms.
3.3. Anti-correlation between β and M ⋆ /L gradient Strikingly, for the most general case (d), isotropic velocity dispersions (β m = 0) are preferred. To understand why, we split the MC models for the case of radially varying anisotropy into four bins in K including the special case of K = 0. We then analyze the MC models in each bin and obtain the anisotropies. The results are displayed in Figure 6 , which shows a clear trend for β m to decrease as K increases. Combining the two ΛCDM results, i.e. for the gNFW and Einasto profiles, we find
with a = 0.19 ± 0.05 and b = −0.13 ± 0.07. We obtain similar coefficients a = 0.21 ± 0.05 and b = −0.26 ± 0.08 from the MOND results. Clearly, β > 0 is obtained only if K ≈ 0, although the bias towards more radial orbits may not be large. As K gets larger than ∼ 0.5, β = 0 starts to be preferred while at large K 1 a tangential bias (β < 0) is preferred. As shown in Paper I, our posterior distributions of K give K ∼ 0.55 (and hence β ≈ 0). Figure 6 highlights the importance of K in modeling elliptical galaxies.
Therefore, if we accept the existence of M ⋆ /L gradients (see references in the Introduction), then we must conclude that previous spherical Jeans dynamical modeling which ignored gradients is likely to be biased towards larger β: i.e., towards finding more radial anisotropy. Figure 2 of Bernardi et al. (2018) shows why β and K are expected to be anti-correlated. For the observed σ los (R) profile and light distribution, the σ los (R) profile cannot in general be fitted by an isotropic velocity dispersion and a constant M ⋆ /L. The observed σ los (R) profile can then be tried to be fitted by a radially varying β or a non-zero K. For example, a σ los (R) profile that is rising towards the center can be realized by, either a relatively higher β along with a relatively less steep mass profile, or a relatively lower β along with a relatively steeper mass profile. As a result, there is a degeneracy between β and K that controls the steepness of the mass profile for the given light profile. Comparison of cases (b) and (c) shows that this degeneracy is in part broken by the observed σ los (R) profile in some Table 1 . The top panels show the PDFs for all 24 pure-bulge galaxies (black) and 16 slow rotators (red). The other panels show the PDFs for sub-samples of slow rotators split respectively by σe (effective velocity dispersion), M⋆ (fitted stellar mass), ηLW (logarithmic slope of the light-weighted line-of-sight velocity dispersion σ los (R) between Re/8 and Re), η<0.2R e (logarithmic slope of the σ los (R) profile for R < 0.2Re) and kinematic features (see Table 1 ). The downward pointing arrows indicate the medians in the PDFs. Table 1 (i.e. for K = 0). All MC models satisfyingχ 2 < 2χ 2 min are shown (cf. Paper I). Yellow curves represent only 68% of the models from the median denoted by the blue curve. The blue dotted line shows βm obtained from this blue curve from Equation (9). For slow rotators, the galaxy ID is shown in red. cases such as NGC 4486 (Figure 1) . Only a K > 0 can have the required strong effect in the central region to fit the rising σ los (R) profile well. On the other hand, for a case like NGC 4753 whose σ los (R) profile is not rising towards the center, a K > 0 does not improve the fit, but a radially varying β is required (c.f. Table 1 ).
This K-β degeneracy is a modern version of the classical mass-anisotropy degeneracy first discussed in Binney & Mamon (1982) . The increased precision and spatial-resolution that are now available let us study the interplay between the profiles of β, M ⋆ /L, and the DM.
Degeneracy between
Our analysis has shown that the K-β degeneracy persists even when DM is included. Therefore, we now show what our results imply for the DM distribution.
As Figure 1 of Bernardi et al. (2018) shows, when K is increased (i.e. the M ⋆ /L gradient is stronger), then the stellar mass distribution becomes more centrally concentrated, so the DM mass within R e must increase to fit the observed line-of-sight velocity dispersions outside the central region. In addition, Figures 17 and 18 of Paper I show that the average M ⋆ /L within R e decreases. 
with: a f = 0.20 ± 0.05, b f = 0.22 ± 0.07 (all), and a f = 0.25 ± 0.05, b f = 0.26 ± 0.07 (SRs) when β = constant; a f = 0.14 ± 0.03, b f = 0.26 ± 0.07 (all), and a f = 0.16 ± 0.03, b f = 0.31 ± 0.06 (SRs) when β = β gOM (r).
Marginalizing over K yields: f DM = 0.32 ± 0.09 (all) and 0.40 ± 0.09 (SRs) when β = constant; f DM = 0.30 ± 0.08 (all) and 0.35 ± 0.08 (SRs) when β = β gOM (r). These DM fractions are larger than the value f DM ∼ 0.13 returned by JAM modeling of these galaxies (Cappellari et al. 2013a ). However, if we, like they, set K = 0, then our analysis also returns f DM ∼ 0.13 for all pure-bulges. Table A2 gives the values of f DM , Υ ⋆e (the average value of M ⋆ /L within the projected R e ) as well as Υ ⋆0 (the constant value at R > 0.4R e ) for cases (a-d) with the gNFW DM model specified in Table 1 .
Implication for MOND
The increased DM fraction in the optical regions when K = 0 under the ΛCDM paradigm must imply an important modification to the MOND IF compared with the case for K = 0. This means that M ⋆ /L gradient is a crucial factor in studying the RAR using elliptical galaxies. The reader is referred to Chae et al. (2019) for a detailed discussion of the RAR based on extensive modeling results including those considered here.
Correlation of β with velocity dispersions
For the most general case, (d), Figures 2 and 3 hint that higher-σ e (σ e > 180 km s −1 ) and lower-σ e (σ e < 180 km s −1 ) galaxies may have different anisotropies, as would be expected if their formation histories are different (Xu et al. 2017; Li et al. 2018 ). If we consider the central anisotropy parameter β 0 , then the dichotomy appears clearer, as shown in Figures 8 and 9 . There appears a similar dichotomy between the higher stellar 
mass (M ⋆ > 10
11 M ⊙ ) sub-sample and the lower stellar mass (M ⋆ < 10 11 M ⊙ ) sub-sample. The higher-σ e (or M ⋆ ) galaxies are likely to be radially biased while the lower-σ e (or M ⋆ ) galaxies have a significant probability of (or, even prefers to) being tangentially biased.
Correlation of β with the slope of σ los (R)
Traditionally, the line-of-sight velocity dispersions are light-weighted within a projected radius R and this light-weighted velocity dispersion, denoted by σ los (R), is empirically approximated by a power-law relation with R, i.e. σ los (R) ∝ R ηLW (Jorgensen et al. 1995) . We calculate η LW using two values, σ e at R = R e and σ e/8 at R = R e /8 taken from Cappellari et al. (2013a,b) as reproduced in Table 1 . The calculated values of η LW are given in the Table: they exhibit a large galaxy-togalaxy scatter in the range −0.13 η LW 0 with a median of η LW ≈ −0.06 (Cappellari et al. 2006) . The upper part of Figure 10 shows the fitted anisotropies with respect to η LW and the fourth panels from the top of Figure 3 show the PDFs for sub-samples divided by η LW . The upper left-hand panels of Figure 10 show that galaxies with steeper velocity dispersions (η LW > −0.08) all appear to be radially biased when K = 0. The fourth left-hand panel of Figure 3 shows the shift in the value of β m between the steeper and the shallower sub-samples for K = 0. This too can be understood in the context of the degeneracy between β and K (c.f. Figure 2 of Bernardi et al. (2018) ). Indeed, when we allow for 0 < K < 1.5 there is no longer a noticeable dependence on η LW (see the upper right-hand panels of Figure 10 or the fourth right-hand panel of Figure 3) .
The likely more interesting and relevant quantity is the true (as opposed to the light-weighted) slope of the σ los (R) profile in the central region. This slope exhibits a greater diversity among the observed σ los (R) profiles of SSBGs (see, e.g., Figure 6 of Paper I). Whereas most elliptical galaxies exhibit negative slopes (i.e. velocity dispersions usually decline with R), some observed and simulated elliptical galaxies exhibit flat or inverted σ los (R) profiles near the center (i.e. they increase with R). These are referred to as central dips or depressions in the literature (see, e.g., Naab et al. 2014) .
We consider the slope η <0.2Re within R < 0.2R e defined by σ los (R) ∝ R η<0.2R e . Table 1 gives the measured values of η <0.2Re based on the σ los (R) profiles shown in Figure 6 of Paper I. The lower part of Figure 10 exhibits the fitted anisotropies with respect to the central slope η <0.2Re . In all four cases, the three SSBGs with steepest negative slopes (η <0.2Re < −0.1) are all significantly radially biased. Furthermore, for the cases of the varying anisotropy (cases (b) and (d)), three SSBGs with positive or flat slopes (η <0.2Re > −0.01: we consider this relaxed cut considering the measurement uncertainties) are all significantly tangentially biased. The fifth panels from the top in Figure 3 show the PDFs. When the SSBGs are split into three bins of η <0.2Re a systematic trend of β m with η <0.2Re is evident. When non-zero K is allowed, galaxies with positive or flat central slopes are even more tangentially biased.
The right-hand panel of Figure 8 exhibits the fitted central anisotropies which are expected to be more directly related to the slope η <0.2Re . The fifth panels from the top in Figure 9 show the PDFs of β 0 for three bins of η <0.2Re . Indeed, the systematic trend of β 0 with η <0.2Re is stronger than β m . For the realistic case of marginalizing K over 0 < K < 1.5 there is a clear dichotomy between the steep slope (η <0.2Re < −0.1) sample and the flat or inverted slope (η <0.2Re > −0.01) sample. The latter is tangentially biased with β 0 ≈ −1.0 while the former is radially biased with β 0 ≈ 0.4.
Correlation with kinemetry
Our results indicate that central features of the velocity dispersions (Krajnović et al. 2011; Naab et al. 2014) in SRs are closely related to the anisotropies of the orbital distributions. To understand why we compare η <0.2Re with kinematic features of the observed line-of-sight velocity dispersions as measured and classified by Krajnović et al. (2011) based on the so-called kinemetry analysis. Krajnović et al. (2011) classified all 260 ATLAS 3D ETGs into six groups based on kinematic features. According to their classification ETGs are broadly divided into regular rotators (RRs) and non-regular rotators (NRRs). Most of the NRRs are SRs based on the angular momentum parameter λ e of Emsellem et al. (2011) . The NRRs exhibit specific features such as kinematically distinct cores (KDCs), counter-rotating cores (CRCs), and low-level (rotational) velocities (LVs). KDCs mean cores whose rotation (although rotation itself is small for SRs) axes shift abruptly (more than 30 deg) from the surrounding regions. In the transition regions there are no detectable rotations. When the shift is of the order of 180 deg, they are called CRCs (thus CRCs are extreme cases of KDCs). LVs refer to low-level rotation velocities throughout the observed regions. Out of our selected sample of 16 SSBGs, we have four SRs with CRCs, five with KDCs, five with LVs and two with no features (NFs) as given in Table 1 . Figure 11 shows the well-known fact that SRs are more massive and have higher velocity dispersions than FRs. It also shows that kinematic features of SRs (i.e. CRCs, KDCs, and LVs) do not have preferences for σ e or M ⋆ . The only apparent correlation is that CRCs are biased towards the higher side of η <0.2Re compared with KDCs and LVs/NFs. Then, the correlation of anisotropies with η <0.2Re shown in Figure 3 implies that CRCs are likely to be more tangentially biased in the central regions.
The bottom right-hand panel of Figure 3 shows the PDFs of anisotropies for three kinematic classes of SRs. After marginalizing K over 0 < K < 1.5, the three classes show distinct features in β. SRs with CRCs are more likely to be tangentially biased but exhibit dual possibilities, i.e. tangential and isotropic (or mildly radial). SRs with KDCs are on average isotropic with individual possibilities of radial or tangential anisotropies. LVs/NFs are likely to be radially biased or isotropic over the IFS probed regions ( R e ), but are clearly radially biased at the center as β 0 > 0 without exception as shown in the bottom right-hand panel of Figure 9 .
These results from our modeling of SSBGs provide reasonable dynamical explanations for the observed kinematic features of SRs. The fact that three out of four CRCs have positive/flat central slopes of σ los (R) profiles ("central depressions") with tangential anisotropies while one has a ("normal") negative central slope with isotropic or mildly radially biased velocity dispersions (c.f. Tables 1 and A1) hints at two distinct origins for CRCs. CRCs with positive/flat slopes are probably dissipationally formed cores with tangentially dominated orbits which naturally give rise to rising or flat σ los (R) profiles in the central region. CRCs with declining σ los (R) profiles require another explanation. In Section 4 we use recent cosmological hydrodynamic and merger simulations to discuss dynamical origins of CRCs.
LVs (note that NFs are similar to LVs but with more rotations) are systems with no detectable net rotation over the regions R e . Systems with predominantly random (chaotic) orbits will have isotropic orbits, but our finding that LVs are more likely to be radially biased particularly in the centers mean that the orbits have not been randomized and consist more of infalling orbits.
KDCs can be viewed as intermediate systems between
CRCs and LVs, hence both possibilities of radial and tangential biases are equally likely.
COMPARISON WITH COSMOLOGICAL SIMULATIONS
Recent cosmological hydrodynamic simulations of galaxy formation and evolution and galaxy merger simulations make specific predictions regarding kinematic and dynamic properties in the optical regions of galaxies, and connect these properties with formation and evolution histories. Although there exist a number of state-of-the-art cosmological simulations, here we con- Figure 10 . Same as Figure 2 , but with respect to the slopes (see Table 1 ) ηLW (upper) and η<0.2R e (lower). Table 1 ) of pure-bulges with respect to η<0.2R e (the line-of-sight velocity dispersion slope in the central region: see Table 1 ), σe (the lightweighted line-of-sight velocity dispersions within Re taken from Cappellari et al. (2013a) ), and M⋆ (our fitted stellar mass for the case of (d): see Table 1 ).
sider only those simulations that investigate kinematic features and velocity dispersion anisotropies of elliptical galaxies. A key aspect of our dynamical modeling is to allow for radial gradients in M ⋆ /L in the region R < 0.4R e based on a host of recent reports (see Section 1). However, no cosmological simulations have allowed for such a possibility so far. Hence, comparison of our modeling results with currently available simulations is somewhat limited. As we discuss below, we find qualitative agreement but also some quantitative tension. Nevertheless, we find that such simulations are quite useful in interpreting our modeling results.
Two simulations are most relevant to the present discussion. One is the cosmological zoom-in simulation by Oser et al. (2010) and the other is the Illustris simulation (Vogelsberger et al. 2014a,b; Genel et al. 2014) . Based on the cosmological zoom-in simulation Naab et al. (2014) classified 44 zoomed-in ETGs into six groups with distinctive formation paths and present-day photometric and kinematic properties. Röttgers et al. (2014) then investigate the stellar orbits of these simulated galaxies and provide predicted anisotropy profiles β(r) for all six groups. The zoom-in simulation provides finest details of the kinematic and dynamic properties of simulated galaxies at present. One caveat of the zoom-in simulation is that their galaxies are not naturally representative of galaxies formed from a large volume simulation. This caveat is complemented by the Illustris simulation which is a simulation of a periodic box of 106.5 Mpc on a side. The Illustris simulation can provide distributions of averaged anisotropies with respect to galaxy properties such as the light-weighted velocity dispersion σ e (or σ e/2 ) and the in-situ stellar mass fraction as well as (less detailed) anisotropy profiles. Such analyses have been carried out by Wu et al. (2014) , Xu et al. (2017) , and Li et al. (2018) .
We first discuss the overall properties of the anisotropies of SRs and then discuss the classes grouped by kinematic features. The simulations predict that the anisotropies of all (i.e. in-situ plus accreted that are observed) stellar motions for all SRs over the radial range < R e (corresponding to our probed regions) are radially biased β(r) > 0. See Figures 18 and 19 of Röttgers et al. (2014) in which their classes C, E and F are SRs, and also Figure 11 of Wu et al. (2014) in which larger in-situ fractions can reduce β(r) but still remain radially biased. These results are in qualitative agreement with the corresponding results of our modeling case (b) for which M ⋆ /L is assumed to be constant but anisotropy is allowed to vary radially: see Figures 2 and 4. For case (b), the median radially averaged anisotropy is ≈ 0.2 which is in good agreement with both simulations. However, real galaxies allow tangential anisotropies -at least two galaxies in our sample (NGC 0661 and NGC 1289) prefer tangential biases (Figure 4) . For a large sample of simulated ETGs Li et al. (2018) find a correlation of β m with σ e/2 so that lower-σ e/2 galaxies may have β m < 0. However, they do not distinguish fast and slow rotators so it is not clear whether they include any SRs having β m < 0.
What is more striking is that when M ⋆ /L gradients are allowed (K > 0), the median anisotropy for SRs gets close to zero with both radial and tangential biases occurring with nearly equal probabilities. The only simulations which currently incorporate IMF driven M ⋆ /L gradients are those of Barber et al. (2018) . Applying our analysis to their simulations is beyond the scope of this work, but is ongoing. What follows is a discussion of the origin of this isotropy based on previously available simulation results.
When our selected 16 ATLAS 3D SSBGs are grouped by kinematic features as identified by Krajnović et al. (2011) , they are divided into three groups, i.e. 4 CRCs, 5 KDCs, and 7 LVs/NFs. Three CRCs have positive/flat central slopes ("central depressions") of line-ofsight velocity dispersions while one does not as shown in Figure 11 . SRs with central depressions belong to Class C defined by Naab et al. (2014) . Orbit analyses by Röttgers et al. (2014) show that Class C galaxies have the lowest anisotropies among SRs (their Figure 19) although still radially biased. This agrees qualitatively with our anisotropy results shown in Figures 3 and 9 . However, our results show that SRs with central depressions are likely to be tangentially biased or isotropic without exception, although the rest are radially biased or isotropic when K = 0 is assumed as in simulations. For the realistic case of allowing 0 < K < 1.5, SRs with central depressions are more likely to be tangentially biased. According to Naab et al. (2014) Class C galaxies have undergone late gas-rich major mergers. Central depressions are thought to originate from "stars that have formed from gas driven to the center of the galaxy during the merger, a process well studied in isolated binary mergers (Barnes & Hernquist 1996) ." Therefore, a dissipationally formed core that is kinematically decoupled from the main body is likely to have more tangentially biased orbits. These galaxies also have relatively higher in-situ fractions that are also consistent with the general trends seen in the Illustris simulation (Wu et al. 2014; Xu et al. 2017) . Interestingly, the simulated galaxies with central depressions from the cosmological zoom-in simulations do not exhibit CRCs while our selected three ATLAS 3D SRs with central depressions exhibit CRCs without exception. Note, however, that galaxy merger simulations have reproduced central depressions exhibiting CRCs (e.g. Balcells & Quinn 1990; Jesseit et al. 2007; Tsatsi et al. 2015) . The remaining one SR with a CRC from our sample does not exhibit a central depression. This galaxy might be consistent with Class E galaxies by Naab et al. (2014) which have undergone gas-poor major mergers. These comparisons suggest that SRs with CRCs have been formed through recent major mergers with or without gas dissipation that determines the feature of central depression.
LVs are the galaxies with no kinematic features with no significant rotations (NFs are similar to LVs but with some angular momenta). These galaxies may be consistent with Class F and Class E of Naab et al. (2014) that have undergone only dry (minor and/or major) mergers. These galaxies have low in-situ (and thus high accreted) fractions of stars. Both hydrodynamics (Röttgers et al. 2014; Wu et al. 2014; Xu et al. 2017) and merger (Hilz et al. 2012 ) simulations generically predict that those galaxies have radially biased orbits qualitatively consistent with our modeling results. Note here that those simulations have not considered possibilities of M ⋆ /L gradients. Our results for 7 LVs/NFs with K = 0 give β m ≈ 0.4 with a broad possible range of −0.2 β m 0.7 while Figure 19 of Röttgers et al. (2014) gives 0.1 < β e/2 < 0.4 for 14 Class F/E simulated galaxies. While the predicted median is similar to our results, the simulation predicts too narrow a range of anisotropies. When M ⋆ /L gradients are allowed (the right-hand side of our Figure 3) , the predicted median is lower ( β m ≈ 0.2) but the possible range is similar. Interestingly, our results for the central anisotropy β 0 (Figure 9) give β 0 > 0 for all LVs/NFs regardless of the assumption on M ⋆ /L gradients, while that is not the case for other kinds of SRs for K = 0 (the right-hand side of Figure 9 ). This is consistent with the picture that LVs/NFs do not keep dissipationally-formed central components as would be lost from dry mergers. Perhaps, this is not a surprising result because LVs/NFs do not contain any distinct kinematic feature in the central regions by their kinematic definition. Radially biased orbits in the central regions imply that infalling orbits from accreted stars are dominating.
KDCs are weaker versions of CRCs (or CRCs are extreme versions of KDCs). KDCs may not exactly belong to any of classes of SRs identified by Naab et al. (2014) . They may be assigned to an intermediate class between Class C and Class E/F. Note that Naab et al. (2014) used just 44 simulated galaxies which may not include the real variety of elliptical galaxies. Our results show that their median properties are close to isotropic, but both tangential and radial biases are occurring individually.
SUMMARY, DISCUSSION AND CONCLUSIONS We have investigated the velocity dispersion anisotropy profiles of 24 ATLAS
3D pure-bulge galaxies paying particular attention to 16 nearly spherical, slowly-rotating, pure-bulge galaxies. These SSBGs constitute an extreme subset of ETGs (recall that most ETGs are now known to exhibit some rotation as revealed by IFS studies (Emsellem et al. 2011; Krajnović et al. 2011) ). Therefore, our anisotropy results cannot be representative for general ETGs. Nevertheless, they reveal key aspects of the dynamical structure of SRs and provide unique constraints on the astrophysics of galaxy formation and evolution.
Empirically, SRs tend to be more massive than FRs among ETGs. In the standard ΛCDM model, SRs are the end products of the hierarchical process of galaxy formation and evolution. Therefore, their present-day orbital structure not only reveals their current dynamical state but also contains information about their dynamical (thus formation and evolution) history. Early in-situ star formation, growth by gas-rich or poor mergers, late merger-driven in-situ formation, the effects of feedback from supernovae and AGN, etc., are all expected to influence the current dynamics of SRs.
We have estimated velocity dispersion anisotropies for these galaxies under four different assumptions (Table 1) about the anisotropy radial profile and the M ⋆ /L radial gradient, for each of four models of DM halos or MOND IFs. For the simplest case -a constant M ⋆ /L and radially constant anisotropy -the observed line-of-sight velocity dispersions cannot be well fitted for ∼ 40% of the galaxies, and the fitted anisotropies are clearly ra-dially biased for most of the modeled galaxies (case (a) in Table 1 and Figure 2) . However, for the most realistic case -M ⋆ /L gradient strength K is marginalized over 0 < K < 1.5 and anisotropy is radially varying with the flexible form of the gOM model (Equation (2)) -all but one of the galaxies can be successfully modeled (and even for this one case, the line-of-sight velocity dispersions can be fitted reasonably) and the median anisotropy is close to zero; i.e. isotropy is preferred (case (d) in Table 1 and Figure 2) . This holds for all four models of DM halos or MOND IFs. Here M ⋆ /L gradients play a key role, as shown by the systematic trend of the median anisotropy β m with K ( Figure 6 ). This can be understood as follows. If M ⋆ /L increases towards the center, but it is modeled assuming there is no gradient, then isotropic velocity dispersions in the central regions would give line-of-sight velocity dispersions σ los (R) that are flatter than observed (see, e.g., Figure 6 of Paper I). Radial anisotropies must then be invoked to match the observed steepening, but our results suggest that they are artifacts of ignoring M ⋆ /L gradients (also see Figure 2 of Bernardi et al. 2018) .
Under the ΛCDM paradigm M ⋆ /L gradients also have important consequences for DM distributions. If M ⋆ /L is larger in the central regions ( 0.4R e ), then the DM contribution to the total mass distribution must be enhanced (Figure 7 ) while the average M ⋆ /L gets lowered to match the observed σ los (R) profiles on scales of order R e and larger. Thus, for SRs, M ⋆ /L gradient, velocity dispersion anisotropy and DM distribution are closely related.
Given the isotropy of SRs in the median sense we have also investigated possible correlations of the fitted anisotropies with various other properties of galaxies. We find that the anisotropies are well correlated with the slopes of the line-of-sight velocity dispersions in the central regions (< 0.2R e ) denoted by η <0.2Re (Figures 10 and 8) . SRs with steeper η <0.2Re are more radially anisotropic. On the other hand, SRs with flat or inverted slopes (η <0.2Re > −0.01) are likely to be tangentially biased (Figures 3 and 9) .
We also notice that η <0.2Re correlates with kinemetric features of SRs identified by Krajnović et al. (2011) . SRs with central depressions in the line-of-sight velocity dispersions (in the sense of having inverted or flat slopes η <0.2Re > −0.01) have CRCs without exception (see Figure 11 and Table 1 ). However, there exist SRs with CRCs (one case out of our four SRs with CRCs) that do not have central depressions (see Krajnović et al. (2011) ). SRs having KDCs, LVs or NFs have steep slopes η <0.2Re < −0.02 (Figure 11 Table 1 and Figure 2 ) and is at odds with the predictions by currently available simulations. Two main shortcomings of the existing simulations are the incomplete treatment of feedback from supernovae and AGN, and the use of a fixed stellar IMF. The latter means that simulations underestimate variations in M ⋆ /L across the galaxy population, as well radial gradients within individual galaxies.
Although currently available cosmological simulations cannot be directly compared with the anisotropies obtained here for SRs, they Röttgers et al. 2014; Wu et al. 2014; Xu et al. 2017; Li et al. 2018) can be used to interpret our anisotropy results and make connections with formation and evolution histories of SRs. SRs with CRCs have shallowest η <0.2Re (Figure 11 ) and often inverted slopes (η <0.2Re 0). Our results show that objects with positive slopes tend to be tangentially biased (Figures 3 and 9 . Tangentially biased orbits are consistent with scenarios in which the galaxies have undergone major gas-rich mergers that resulted in forming cores that are decoupled from the main bodies, as would be realized for Class C galaxies by Naab et al. (2014) . However, Class C simulated galaxies are not counter-rotating. Moreover, when Röttgers et al. (2014) looked into velocity dispersion anisotropy profiles of these galaxies, they obtained only radially-biased orbits for the regions R e (although Class C galaxies had the lowest anisotropies among SRs). These discrepancies between our results for SRs with η <0.2Re 0 and the Class C galaxies of Naab et al. (2014) are likely to be consequences of the shortcomings of the existing simulations as pointed out above. CRCs without central depressions are not likely to be tangentially biased (although our small sample includes just one CRC without central depression). Such galaxies may have been formed through gas-poor major mergers as would be realized for Class E simulated galaxies by Naab et al. (2014) which indeed includes a counterrotating case.
We find that SRs with LVs/NFs, which constitute the largest fraction of SRs (Krajnović et al. 2011) , are likely to be radially biased. Our results are qualitatively consistent with outputs from major and/or minor gas-poor (dry) mergers (Class E/F galaxies of Naab et al. (2014) ) which have lowest angular momenta. However, our results allow a broader possibility including mild tangential biases (Figures 3 and 9) while the simulations produced only radial biases that are strongest among all classes of ETGs. SRs with KDCs are intermediate in their kinematic features (as KDCs are weaker versions of CRCs) and our results show that their anisotropies are also intermediate. This means that SRs with KDCs are most likely to be isotropic (or mildly radially biased) in the median sense with a broad possible range.
We have explicitly allowed for M ⋆ /L gradients for R < 0.4R e in Jeans dynamical analyses of nearly spher-ical pure-bulge galaxies. We find that M ⋆ /L gradients have significant impacts on the inference of the velocity dispersion anisotropies. When M ⋆ /L gradients are marginalized over a reasonable range, the median anisotropy of SRs is zero which is not the case in previous dynamical modeling results without M ⋆ /L gradients. Furthermore, SRs with different kinematic features have systematically different anisotropies. Thus, the isotropy in the median sense does not represent a dynamical property such as chaotic orbits, but emerges as a coincidence arising from various classes. These results cannot yet be reproduced by existing cosmological simulations. Our investigations call for the need to consider M ⋆ /L gradients in dynamical modeling and cosmological simulations.
Our present work suffers from two caveats. One is the assumption of spherical symmetry and the other is small sample size. While triaxial models would be better representations of pure-bulge galaxies, the fact that most of our selected nearly spherical pure-bulge ATLAS 3D galaxies were successfully modeled under the spherical symmetry assumption suggests that the spherical symmetry assumption is not too unrealistic. The issue of sample size can be addressed by applying our analysis to galaxies in the MaNGA (Bundy et al. 2015) survey, which will provide an order of magnitude more galaxies like those studied here. This will allow us to apply even stricter criteria when selecting galaxies so that we can test the effects of varying selection criteria under the spherical symmetry assumption. We intend to do this in the near future. As galaxy formation simulations which include gradients become available, we will use them to test our Jeans equation-based analysis. The first simulations to incorporate IMF driven M ⋆ /L gradients have only just been completed (Barber et al. 2018) . We expect to report on the results of applying our analysis to their simulations in the near future.
In conclusion, from a range of MC models of 24 nearly spherical pure-bulge ATLAS 3D galaxies, of which 16 are kinematic SRs, we have obtained the following results:
1. If the stellar mass-to-light ratio (M ⋆ /L) is assumed to be constant within a galaxy, then one is likely to conclude that SRs have radially-biased orbits, with a median spherical anisotropy of β m ≈ 0.2. This is in good agreement with the literature results.
2. However, if M ⋆ /L is allowed to have a radial gradient for R < 0.4R e and the strength of this gradient is marginalized over the currently allowed range, SRs are consistent with being isotropic.
3. If M ⋆ /L gradients are allowed, then the DM contribution to the total mass distribution in the central region (< R e ) of SRs is f DM ∼ 0.35. This is about twice as large as when gradients are ignored.
As a result, SRs may in fact provide interesting probes of MOND.
4. The median isotropy of SRs appears to be a coincidence arising from a diversity of anisotropies for different kinematic SR sub-classes rather than a typical dynamical property of SRs. 6. Three out of four SRs with CRCs exhibit central depressions and thus are tangentially biased. One SR with a CRC that does not exhibit central depression is not tangentially biased. SRs with CRCs may have been formed through major mergers and the amount of gas involved (i.e. whether gas-rich or gas-poor) may have influenced the presence or the lack of central depression.
7. SRs with LVs or NFs are likely to be radially biased. They may have been formed through gaspoor major and/or minor mergers. Table 1 . For cases (b) and (d), the parameter βm and β0, respectively, refer to the radially averaged value and the central value of the fitted gOM model (Equation (2)). (3)) refers to the value of M⋆/L for the region where M⋆/L is constant while Υ⋆e is the average M⋆/L for the projected region within Re, which is of course the same as Υ⋆0 for the cases of (a) and (b).
Parameter fDM refers to the fraction of dark matter within the spherical volume of radius r = Re.
